DESCENT PROPERTIES OF EQUIVARIANT K-THEORY 



CHRISTIAN SERPE 



Abstract. We show that equivariant i\-theory satisfies descent with respect 
to the isovariant Nisnevich topology. The main step is to show that the iso- 
variant Nisnevich topology is a regular, complete and bounded cd topology. 
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1. Introduction 



The Zariski descent property for (non equivariant) K-theory was first shown by 
Brown and Gersten in [BG73|. The case of Nisnevich descent first appeared in 
Nis89 and [TT9C]. In this article we want to investigate what happens in the 
equivariant situation. That means we consider schemes with a G-action for a fixed 
group scheme G and consider the equivariant X-theory of the scheme. One notices 
first that for the topology defined by equivariant Nisnevich coverings, i.e. equivari- 
ant morphisms which are Nisnevich covers whe n we forget the G-action, the descent 
property is not satisfied (compare Remark O ) . Instead we consider the isovariant 
Nisnevich topology. Covers are equivariant Nisnevich cove rs w hich are isovariant, 
i.e. where the isotropy groups do not change (see Definition 2.4). The main result is 
that equivariant X-theory satisfies descent with respect to the isovarian t Nisne vich 
topology. Isovariant topologies were first considered by Thomason in [ Tho88 for 
the etale topology. In loc. cit. Thomason showed that equivariant if-theory with 
inverted Bott element satisfies descent with respect to the isovariant etale topol- 
ogy. To proof our main theorem we use the general formalism of cd structure of 
Voevodsky from [ Vbc09a | and [Voe09_b|. 



In the second section we introduce the isovariant Nisnevich topology and show that 
for schemes with scheme-theoretical geometric quotients this topology is isomorphic 
to the N isnevich topology of the quotient. This works similar to the etale case in 
Tho8S ] . We further show that the isovariant Nisnevich topology can be defined by 



a regular, complete and bounded cd structure. 
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In section three we recollect descent properties for topologies which are defined 
by regular, complete and bounded cd structures. We mainly use here the work 
|Voe09a| and pla01 |. 

In section three we proof our main theorem that equivariant if-theory satisfies 
descent in the isovariant Nisnevich topology. 

We would like to thank Gereon Quick for useful discussions and comments. 



2. The isovariant Nisnevich topology 

Let S be a separated noetherian scheme and G a flat S*-group schemes of finite 
type. All schemes are supposed to be schemes of finite type over S and all fibre 
products are supposed to be over S if not otherwise mentioned. First we recall 
some n otations of equivariant scheme theory needed in this paper. We refer to 
|fho8| [§2] for further details. 

Definition 2.1. If a group scheme G acts on a scheme X we denote by Gx the 
isotropy subgroup, defined by the pullback 



G 



x 



Gx X 



(9,x) 



X' 



X x X 



(gx,x). 



Definition 2.2. If a group scheme G acts on a scheme X, a morphism tt : X — > 
X/G is called a scheme-theoretic geometric quotient if tt is flat and represents the 
fppf quotient of X by G. 

Important for what follows is the following proposition, which says that locally 
scheme-theoretic geometric quotients do exist. 



Proposition 2.3 ([Tho86|Prop. 4.7). Let X be an reduced scheme with an G- 
action. Then there is an open dense G invariant subset U C X such that the 
scheme-theoretic geometric quotient of U by G exists. 

Definition 2.4. A morphism / : X — > Y between two schemes X, Y with a fr- 
action is called isovariant if it is equivariant and if the following diagram is cartesian 



G 



x 



X 



Y. 



Definition 2.5. A family of morphisms {X; — > X} of G-schemes is called an 
isovariant Nisnevich cover if each morphism Xi — > X is isovariant and {Xi — > X} 
is a Nisnevich cover if we forget the G-actions. We denote by iso — Nis the induced 
topology on various categories. For a G-scheme X we denote by iso — Nis/X the 
category of morphism Y — > X where Y is also a G-scheme and where the morphism 
is isovariant and Nisnevich if we forget the G-action. 

Remark 2.6. Let A be a G-scheme and U C X be an open subset of X. Then 
the inclusion U X is isovariant if and only if U is a G-invariant open subset. So 
the small isovariant Zariski site is equal to the small equivariant Zariski site. But 
in general this is not true. Consider for example a scheme X with the trivial action 
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of the group Z/2 and X]JX with the Z/2 action that switches the components. 
Then the obvious morphism X JJ X — > X is equivariant and a Zariski cover, but the 
morphism is not a cover in the isovariant topology. This example already reveals 
the reason why we have to consider the isovariant topology for equivariant K-theory. 
We postpone the reader to Remark 4.1 for a more detailed explanation. 



For a scheme Y we denote by Nis/Y the category of morphisms U 
Nisnevich. 



T that are 



Proposition 2.7. Let X be a G-scheme with a scheme-theoretical geometric quo- 
tient 7r : X — > X/G. Then we have the following equivalences of sites: 



Nis/(X/G) -> iso - Nis/X, U ^ (X/G) ^ U x x/G X 
Here G acts on U x x /g X via the second factor. 



X 



Proof. To proof the statement we construct similar as in [Tho86| the inverse of 



the above functor. So let W — > X be an isovariant Nisnevich map. Because / is 
isovariant the diagram 

/ 



W ■ 



WIG- 



S' 



X 



X/G 



is cartesian. Now by assumption X/G is a scheme, W/G is an algebraic spaces, 
and by descent the morphism /' is etale. Therefore by [Knu71|[Cor. 6.17] W/G is 
a scheme and by the fact that W —> X is Nisnevich and isovariant it follows that 
the etale morphism W/G — > X/G is also Nisnevich. q.e.d. 

Now we consider the category G Sm/S of G-scheme, smooth and of finite type over 
S 1 , with the induced isovariant Nisnevich topology and we want to show, that this 
topology is in fact a cd topology in the sense of [Voe09a]. For the basic definition 
and properties of cd structures we refer to loc. cit.. 

Remark 2.8. Instead of G Sm/S we could also consider G Sch/S the category of 
all separated G-scheme of finite type over S. All the results in this section would 
also be valid for G Sch/S. 



Definition 2.9. 

form 

(1) 



A distinguished square in G Sm/S is a cartesian diagram of the 



U x x V 



U 



V 



X 



such that p is an isovariant etale morphism, i is an invariant open embedding and 
■p~ x (X — U) — > X — U is an isomorphism. The set of all distinguished squares in 
( G Sm/ S)i SO -Nis defines a cd topology on G Sm/S, which we call the isovariant 
Nisnevich cd structure. 



The next proposition shows that the topology defined by this cd structure is the 
same as iso — Nis. 
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Proposition 2.10. The isovariant Nisnevich topology on Sm/S coincides with 
the topology defined by the isovariant Nisnevich cd structure. 

For the proof we need the following notation and a lemma. 

Definition 2.11. An equivariant splitting sequence for an equivariant morphism p : 
X — > Y between two G-schemes X, Y is a sequence of invariant closed subschemes 

= Z n+1 =-> Z n c — ^ Z\ e -> Zq = Y 

such that for all i = 1 , . . . , n the morphism 

p\ p - 1 (z,-z, +1 ) ■ P~ l { z i - z i+i) -> Zi — Z i+ i 
has a equivariant section. 

Lemma 2.12. Let p : X — > X be an isovariant Nisnevich covering map. Then p 
has an equivariant splitting sequence. 



Proof. By 2.3 there is an open G-invariant U C X such that U has a scheme- 
theoretical geometric quotient U U/G. The morphism Xjj := X Xx U — > U 
corresponds by |2.7| to a usual Nisnevich covering Xu/G —t U /G. There is an open 
subset V C U/G such that (Xu/G) x u/G V -> V has a splitting. Pulling V back 
to X gives an open G-invariant V := V Xu/g U C U C X with an equivariant 
splitting of the morphism 

X/G x u/G V x u/G U £* X x x V -> V 

We define Z\ := X — V with the reduced scheme structure. Now Xz 1 — > Z\ is 
again Nisnevich and we can repeat the procedure. By noetherian induction this 
completes the proof, q.e.d. 



The following is the equivariant version of the proof of [MV9£] [Proposition 3.1.4] 
resp. |Voe09b|] [Proposition 2.16] 



Proof of 2. It. Because a distinguished square of the isovariant Nisnevich cd struc- 
ture is an isovariant Nisnevich cover we only have to show that an isovariant Nis- 
nevich cover has a refinement by a covering of the topology defined by the isovariant 
Nisnevich cd structure. 

Without loss of generality we consider a isovariant Nisnevich covering of the simple 



form p : X — > X. By lemma 2.12 there is an equivariant splitting sequence 



= Z n+1 Z n ^ . . . ^ Z x ^ Z = X 

for the map p. We show that there is a refinement by induction on the minimal 
length n of the splitting sequence. If n = we have an equivariant splitting of 
p : X — > X and therefore the covering coming from the distinguished square 

X — *■ X 



X ^X 

is a refinement of X — > X. Now let n > 0. We consider an equivariant section s of 
f n :XXxZ n —>Z n and because /„ is etale we can decompose equivariantly 

X x x Z n = s(Z n )]]_W. 
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We set V := X — W and U := X — Z n and get the elementary square 

U x x V 



u- 



X 



The pullback of X — > X along V — > X has a section and along U — > X has a 
splitting sequence of length n — 1. So by induction the claim follows, q.e.d. 

Next we want to show some properties of the isovariant Nisnevich cd structure. 

Proposition 2.13. The isovariant cd structure is complete and regular. 

Proof. Because the pullback of a distinguished sq uare is again distinguished the 
isovariant Nisnevich cd struc ture is complete (see [ Vbe09a | [Lemma 2.5]). Now we 
show regularity. By | Voe09a [Lemma 2.11] we only have to check the following. If 




is a distinguished square then the cartesion square 



B 



Y 



'■Y/X 



B x a B 



■Yx x Y 



is also distinguished. By [ Sro66|l [17.42] Y — >• Y x x Y is an open immersion because 

Y — >• X is unramified. Because Y — > Y Xx Y is also G- invariant follows that 

Y — > Y x x y is isovariant. Because A — »• X is an open immersion BxaB — > YxxY 
is an open immersion. As before the isovariance of-B Xa B — > Y Xx Y follows. 
Furthermore one shows that 



Y x x Y = (B x A B) U Y. 



q.e.d. 



Our next goal is to show that the isovariant cd structure is bounded. For that we 
first introduce the isovariant natural density structure. 

Definition 2.14. An increasing sequence of length n in a topological space X is a 
sequence of points xq, x±, . . . , x n of X such that Xi ^ Xi+i and Xi 6 {xi+i}. For a 
G-scheme X we define D®(X) as the class of all G- invariant open embeddings j : 
U X such that for all z G X — U there is an increasing sequence z = Xq, xi, . . . , Xd 
in X of length d. 

Remark 2.15. For a G-scheme X an open subscheme U X is in D^(X) if 
and only if U X is G- invariant and if U < —t X is in Dd{X) when we forget the 
G-action. 



Obviously we have the following lemma. 
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Lemma 2.16. The classes D G define a density structure on G Sm/S in the 



of [Voe09a [Definition 2.20]. This density structure is locally finite on finite di- 
mensional G-schemes and the dimension of a scheme with respect to this density 
structure is less or equal to the usual dimension of the scheme. 

Proposition 2.17. The isovariant cd structure on G Sm/S is bounded with respect 
to the density structure D . 

Even though the proof is similar to the non equivariant version we don't shy 
away from doing the proof in some details, especially because in the proof of 
|Voe09bd [Proposition 2.10] there are some misprints. 

Proof. Let 




be a distinguished square in the isovariant Nisnevich cd structure on Sm/S and 
let W G D g _ x {W),Uq G Df(U),Y G D G (Y). Then we have to find another 
distinguished square 

W *~Y' 




and a morphism of distinguished squares 

w — 



Y' 



W ■ 



Y 



U' 



X' 



u 



X 



such that W' — >■ W factors through W — > W , Y' -> Y factors through Y -> Y, 
U' -4 U factors through U -> U, and (X' -> X) G D G (X). The morphism 



UUY 



> X is open, surjective, and has zero dimensional fibers. Therefore 



U]1p)(Uq U^o) =: Xo is an open G-invariant subset of X and X G D G {X). By 
base change with the morphism Xo -)Iwe can assume that Uo — U and Yq = Y 
(see |Voc09b[ Lemma 2.4). 

Now we take W := W , U' := U, Y' :=Y — j Y (W-W ), and 
X 1 := X - [{X - U)n{poj Y (W -Wo))]. 

First one notices that Y' resp. X 1 is indeed an open G-invariant subset of Y resp. 
X and that this defines a distinguished square such that the required factorization 
properties are satisfied. The only thing left to check is whether X' G D G (X). For 
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that let x G X - X' . Because {X -U)r\poj v (W- W ) = and [|Voc09b| [Lemma 



2.7] there is an x\ £ poj v (W — Wo) with x £ {xi} and x ^ X\. Now because pojv 
has zero dimensional fibers and Wo £ D2_i(W) we find an increasing sequence 
X\, X2, ■ ■ -Xd in X. Joining xo := x we see that X' £ D^(X). q.e.d. 

Corollary 2.18. The cohomological dimension of the isovariant Nisnevich topology 
of a finite dimensional scheme is less or equal to the dimension of the scheme. 



Proof. See |Voe09a| [Theorem 2.27] q.e.d. 



Remark 2.19. Voevodsky defined in [ Dcl09|] an e quivariant topology for a finite 
flat group scheme G. With Lemma 2.12] and |Dcl09[ [Lemma 2] one can show that in 
this case the equivariant topology of [Del09| coincides with the isovariant Nisnevich 
topology. 



3. Descent for cd topologies 

In this section we recall shortly what is known about the descent property for 
complete, regular, and bounded cd structures. So let P a complete, regular, and 
bounded cd structure on a category T. We denote by t p the topology defined by 
P. 

Let PreShv(T) be the category of set valued presheaves on T and Shv tp (T) C 
PreShv(T) the full subcategory of sheaves on T in the topology t p . We have the 
natural inclusion 

i : Shv tp (T) -> PreShv(T) 
which has as right adjoint the sheafification functor 

<H, ■ PreShv(T) -»• Shv tp (T). 
A presheaf J- is basically by definition a sheaf if and only if the natural morphism 

is an isomorphism. On the other hand, because the cd structure P is complete, 
we know that a presheaf J 7 is a sheaf if and only if J-~(0) = * and if for each 
distinguished square 

B 

A *~X 

the square 

F{X) — >T<y) 



HA) 



■HB) 



is cartesian [Voe09a| [Lemma 2.9]. Of course the same remains true if we replace the 
category of presheaves by simplicial presheaves A op PreShv(T) and the category of 
sheaves by the category of simplicial sheaves A op Shv t (T). The goal of this section 
is to show that a derived version of this statement is also true. 
We recall the following definitions. 
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Definition 3.1. A map / : 3C — >• & of simplicial presheaves is called a global (or 
section wise) weak equivalence if for all U G T the map 

/([/) : X(U) -> ^(C/) 

is a weak equivalence of simplicial sets. 

A map / : X — > & of simplicial presheaves is called a local weak equivalence (with 
respect to t p ) if 

/* : a tp w (X) -»• a tp7 r (^) 
is an isomorphism and if for all U G T and all x € X(U) 
f* ■ a tp n n (%~, x) -+ a tp ir n (Zy, f(x)) 

is an isomorphism 

Now we consider the localization of A op PreShv(T) with respect to global weak 
equivalences and local weak equivalences and also the localization of A op Shv tp (T) 
with respect to local weak equivalences: 

A op PreShv{T) -> Ho{{A op PreShv(T)) g ) 
A op PreShv(T) -> Ho((A op PreShv{T))i) 
A op Shv tp (T) -> Ho((WShv tp (T))i) 

If / : — > ^ is a global weak equivalence of simplicial presheaves then a tp (f) : 
a* («$£") — > at (£9^) is local weak equivalence of simplicial sheaves. Therefore a* 
induces a functor between the homotopy categories making the following diagram 
commutative. 

A op PreShv{T) — > A op Shv tp (T) 

Ho((A° p PreShv(T)) g ) »- Ho((A op Shv tp (T)),) 

Now we consider the right derived functor of 

i : A op Shv tp (T) -> A op PreShv(T) -> Ho((A op PreShv(T)) g ). 
So we have the diagram 

A op PreShv(T) A op Shv tp (T) A op PreShv(T) 

Ho((A op PreShv(T)) g ) -^-»- Ho((A op Shv tp (T))i) — i/o((A OJ, PreS/iw(T)) 9 ) 

Definition 3.2. A simplicial presheaf J 7 has descent with respect to t p if the natural 
map 

J" ->■ Ri o a tp (J 7 ) 
is an isomorphism in Ho((A op PreShv(T)) g ). 
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Definition 3.3. A simplicial presheaf 3C is called flasque with respect to the cd 
structure P if is contractible and if for each distinguished square in P 

(2) 



B 



Y 



the diagram 



A 

3£{X) >■ JT(Y) 



SOB) 



is homotopy cartesian in the category of simplicial sets. 
The main result of this section is the following. 

Proposition 3.4. A simplicial presheaf 3£ has decent with respect to t p if and only 
if X is flasque with respect to P. 

Before we proof the proposition we show the following lemma. 

Lemma 3.5. Let X' he a fibrant sheaf in the local projective model structure of 
iBlaOlJ on A°PShv tp . Then X' is flasque. 

Proof. Because 3C' is a sheaf we see that JT'(0) = * and that for each distinguished 
square (|J) the diagram 

(3) X'{X) *3£'{Y) 



5C\A) > ar\B) 

is cartesian in the category of simplicial sets. Now since a fibrant object in the 
local projective model structure on A op Shv tp (T) is also fibrant as an object in 
A op PreShv(T) with the global projective model structure we see that for any 
T G T the jr'(T) is a fibrant simplicial set. Therefore the diagram (|^) is also 
homotopy cartesian, q.e.d. 

Proof of Proposition \3.A. We show first the "only if part. We consider the local 



projective model structure of [BlaOl on A op Shvt p (T). We choose a fibrant resolu- 
tion 

in this model structure and we know that 



in Ho((A op PreShv(T)) g ). Now the claim follows from lemma 

Now we show the "if part. So we assume that is flasque. Let as before 

be a fibrant resolution in the local projective model structure. First by Lemma 
3.5 SC' is flasque and X — > at p (X) — > X 1 is a i p -local isomorphism. Therefore 



by [ Voe09a| [Lemma 3.5] this resolution is a global weak equivalence and the claim 



follows, q.e.d. 
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Next we want to have an analogous result of Proposition 3.4 for presheaves of spec- 
tra. For that we us e the model structure on presheaves of spectra on a Grothendieck 
topology of [ Jar87 . A morphism of presheaves of spectra / : S£ — > *3f is called a 



stable equivalence if for all n G N the morphism 

is an isomorphism of sheaves on T. Here we denote by 7ir* the sheafification of the 



stable n-th homotopy groups. As in [JarOO one can deduce from 3.4 the following 
result. 

Proposition 3.6. Let X be a presheaf of spectra on T and 3£ — > X' be a fibrant 
resolution in the stable model structure. Then the morphism 3£{U) — > 5£'(U) is a 
stable equivalence of spectra for all U 6 T if and only if 3£ is stably flasque, i.e. 
for each distinguished square M) the diagram 



is homotopy cartesian in the stable model structure on the category of spectra (cf. 



BF78 



4. Equivariant algebraic K-theory 

Let k be a field and G be an algebraic group over k. We denote by G Sm/k 
the category of smooth schemes over k together with an action of the group G. 
Morphisms are equivariant morphism. For X s G Sm/k a coherent G-module is a 
coherent Ox-module T together with an action of G on J- which is compatible with 
the action of G on X. For what that means in details we refer to [ Tho87 1 [section 
1.2]. We denote by Mg,x the abelian category of coherent G-modules and by Vq.x 
the exact category of those coherent G-modules which are locally free Ox-modules. 
Furthermore the if -theory spectra of these categories are respectively denoted by 
G(G,X) and K(G,X). K(G,X) is contravariant with respect to G-morphisms, 
and contravariant with respect to morphisms in G. G(G, X) is contravariant with 
respect to flat G-maps in X and homomorphisms in G. 
We denote by Kg the equivariant if-theory presheaves given by 

Kq ■ G Sm/k -> Spt-X^ K{G,X) 

Remark 4.1. We want to see that equivariant K-theory does not have descent in 
the topology where the coverings are just equivariant Nisnevich coverings. For that 
we consider the following examples. Let G = 1/2 and k be a field with char(k) ^ 2 
and with trivial Z/2 action. Further let Spec(k) LJ Spec(k) be the G-scheme where 
the nontrivial element of Z/2 switches the two components. The morphism 



Spec(k) Spec(k) — > Spec(k) 



is compatible with he Z/2 action, i.e. it is an equivariant Nisnevich covering. If 
equivariant K-theory satisfied descent with respect to the equivariant Nisnevich 
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topology, then the diagram 

(4) K (G, Spec(fc)) 



K{G, Spec(k) TJ Spec(fc)) 



K(G, Spec(k) U Spec(fc)) 5- K(G, (Spec(fc) IJ Spec(fc)) X Spcc(fc) (Spec(fc) IJ Spec(fc))) 

would be homotopy cartesian. Because G acts freely on Speclk) ]J Spec(k) we can 
identify 

if„(G, Spec(fc) ]J Spec(fc)) ~ if„(Spec(fc)) 
JC„(G, (Spec(fc) ]J Spec(fc)) X Spec(fc) (Spec(fc) ]J Spec(fc))) ~ if » (Spec(fe) ]J Spec(fc) ) . 

Using this we consider now the long exact sequence of homotopy groups correspond- 
ing to (0) and get: 



K 1 (Spec(k)\JSpec(k)) 



K (G, Spec(k)) 



K (Spec(k)) 2 



K (Spec(k)USpec(k)) ■ 



k* ® k* 



■ Z© Z - 



But this leads to a contradiction. 
The main theorem is the following. 

Theorem 4.2. The equivariant K-theory presheaf of spectra K,q on G Sm/k has 
the descent property with respect to the equivariant isovariant Nisnevich topology. 



Proof. By proposition ^4 we have to show that for each distinguished square 
(5) V 




in the isovariant Nisnevich site, the square of spectra 
(6) IC G (Y) ^K G (Y) 



1Cg(U) 



■Kq{V) 



is homotopy cartesia n in the category of spectra. Because X, U, Y and V are smooth 
over a field and by [ rho87 ] [Theorem 5.7] we can instead consider the digram of 
spectra 



(7) 



G(G,X) 



G(G, Y) 



G(G, U) 



G(G,V). 



Now by the localization theorem for equivariant G-theory [Tho87 [Theorem 2.7] we 
can identify the homotopy fibers of the vertical morphisms of (|7j): 

hofib(G(G,X)-*G(jG,U)) ~ G(G,X-U) 
hofib(G(G,Y) -> G(G,V)) ~ G(G,Y-V) 
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By the fact that the square (|^) is distinguished the morphism 

p\ Y -v :Y -V -> X -U 

is an isomorphism. So the induced morphism between the homotopy fibers G(G, X — 
U) ~ G(G, Y — V) is a stably weak equivalence. Therefore the square (^) is homo- 
topy cartesian, q.e.d. 

Remark 4.3. The same arguments work if we replace Spec(k) by a regular scheme 
S. The reason why we restrict ourselves to the regular case is mainly that we don't 



have an equivariant version of the general localization sequence from [TT90|. 

Corollary 4.4. Let X be a smooth scheme of finite type over a field. Then there 
is a strongly convergent spectral sequence 

E^ q — Hf sovar (X,ai sovar ]C q ) — > K-p- q (G,X) 

called the descent spectral sequence. 

Proof. The exist ence fo llows in the usual way one get s the descent spectral sequence 



(cf. for exa mple [Jar97 ] section 6.1) and Theorem L2. The convergence follows from 



Proposition 2.18| . q.e.d 



Remark 4.5. From Theorem 4.2 it follows that equivariant i-T-theory also has the 



descent property with respect to the isovariant Zariski topology and that the analog 



of Corollary [4.4| for the isovariant Zariski topology is true. 
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